Introduction and results
Let Ω be a set and G be a group with G ≤ Sym(Ω). Then G acts naturally on Ω × Ω by (α 1 , α 2 ) g = (α G (2) ,Ω , is {θ ∈ Sym(Ω) | ∀α, β ∈ Ω, ∃g ∈ G, α θ = α g , β θ = β g }.
G (2) ,Ω contains G and is the largest subgroup of Sym(Ω) whose orbits on Ω × Ω are the same orbits of G [13, Definition 5.3 and Theorem 5.4]. The notion of 2-closure as a tool in the study of permutation groups was introduced by I. Schur [13] . The study of 2-closures of permutation groups has been initiated by Wielandt [13] in 1969, to present a unified treatment of finite and infinite permutation groups, based on invariant relations and invariant functions. For further studies and applications see [3, 4, 5, 7, 8, 9, 10, 11, 12] .
Since G ≤ G (2) ,Ω , it is an interesting question that how far the 2-closure of a permutation group G is from G? In 2012, K. M. Monks in his Ph.D. thesis proved that every finite cyclic group is 2-closed in all of its faithful permutation representations [6, Theorem 12] .
Derek Holt in his answer to a question [14] proposed by the second author in Mathoverflow introduced a class of abstract groups called 2-closed groups consisting of all groups which are 2-closed in all of their faithful permutation representations. That is, an abstract group G is 2-closed if H = H (2) ,Ω for any set Ω with G ∼ = H ≤ Sym(Ω). So all finite cyclic groups by Monk's result are 2-closed. Holt [14] mentioned that generalized quaternion groups Q 2 n of order 2 n , n ≥ 3, and the quasicyclic p-group Z p ∞ are also 2-closed and the group Q 2 n × C 2 is not 2-closed, where C m is a finite cyclic group of order m.
Our main results are the following.
Theorem 1. The center of every finite 2-closed group is cyclic.
We determine all finite nilpotent 2-closed groups.
Theorem 2. A finite nilpotent group is 2-closed if and only if it is cyclic or a direct product of a generalized quaternion group with a cyclic group of odd order.
Our notations are standard and are mainly taken from [2] , but for the reader's convenience we recall some of them as follows:
The symmetric group on the set Ω.
The generalized quaternion group of order 2 n , n ≥ 3.
The finite cyclic group of order n.
The action of g on α.
G α : The point stabilizer of α in G.
The orbit of α under G.
Z(G):
The center of G.
The second center of G.
C G (H): The centralizer of the subgroup H of a group G.
N G (H): The normalizer of the subgroup H of a group G.
H G : The core of the subgroup H of G, that is the intersection of all G-conjugates of H.
Proof of Theorem 1
Recall that a group G is a 2-closed group if H = H (2) ,Ω for any set Ω such that G ∼ = H ≤ Sym(Ω). First, let us prove or recall some useful results.
,Ω ] = 1. In particular, if G is abelian then G (2) ,Ω is also abelian. Furthermore,
,Ω and y ∈ B (2),Ω . Then for each α ∈ Ω there exist g α ∈ A
and h α ∈ B such that (α, α
Thus xy = yx which means that [A (2) ,Ω , B (2) ,Ω ] = 1.
,Ω ). Furthermore, if G is 2-closed on Ω then the centralizer of each subgroup of G is 2-closed on Ω.
In particular, the center of G is a 2-closed group on Ω.
The proof of the following lemma is straightforward and so we omit the proof.
Lemma 2.2. Let G ≤ Sym(Ω) and H ≤ Sym(Γ) be permutation isomorphic. Then
Proof. Let a ∈ (x −1 Gx) (2) ,Ω and α, β ∈ Ω. Then there exists g ∈ G such that
,Ω x and so (x −1 Gx) (2) , (2) and the proof is complete.
Corollary 2.4. Let G ≤ Sym(Ω) and H ≤ Sym(Γ) be permutation isomorphic. Then Proof. Let G ≤ Sym(Ω) for some set Ω. First, let G be a finite cyclic p-group, p a prime. We claim that G α = 1 for some α ∈ Ω. Then [13, Theorem 5.12] implies that G is 2-closed on Ω. Suppose, towards a contradiction, that for all α ∈ Ω, G α = 1. Thus for each α ∈ Ω there exists an element x α ∈ G α of order p. Since G has only one subgroup of order p, there exists x ∈ G of order p such that for each α ∈ Ω, x = x α . Hence
Since the generalized quaternion group Q 2 n , n ≥ 3, has only one subgroup of order 2, the later case can be proved in a similar argument.
Proof. Let x ∈ Z(G) (2) ,Ω and α, β ∈ Ω. Then there exists g = hk ∈ Z(G) such that
hk , where h ∈ Z(H) and k ∈ Z(K). Let n = |H| and m = |K|. Then there exist r, s ∈ Z such that rn + sm = 1. Since, by Lemma 2.1, Z(G) (2) ,Ω is abelian,
This proves x = 1 and completes the proof.
Remark 2. Note that if (|H|, |K|) = 1, then the conclusion of Proposition 1 may not be
,Ω = A and B (2) ,Ω = B, where A = (1, 2)(3, 4) and B = (3, 4)(5, 6) .
The following corollary is proved in [6, Theorem 12] . Our proof is slightly different.
Corollary 2.6. ([6, Theorem 12])
Every finite cyclic group is a 2-closed group.
Proof. Let G be a finite cyclic permutation group of order n = p Proof. If G is cyclic, then the result follows from Corollary 2.6. Conversely, suppose that G is a closed group. We prove that G is cyclic. Suppose, towards a contradiction,
. . , h n , where
Since for each i, g i and h i has same order, there exists an isomorphism ϕ : G → H. Hence G acts on Ω by the rule α g = α ϕ(g) .
Furthermore, G is also faithful on Ω. Hence G and H are permutation isomorphic on Ω.
Thus Lemma 2.4 implies that H
(γ, δ)
,Ω is also abelian and so
Proof. The first part is clear. Let i ∈ {1, . . . , n} and
, where x i = x and for all j = i, x j = 1. Let γ, δ ∈ Ω. Then
where g = (g 1 , . . . , g n ), g i = g γ,δ and for all j = i, g j = 1. This implies that x ∈ G (2),Ω .
Hence, x ∈ G and x ∈ G i . Thus G (2) ,
We now show that finite cyclic groups are the only finite abelian 2-closed groups.
Theorem 3. A finite abelian group is 2-closed if and only if it is cyclic.
Proof. By Corollary 2.6, it is enough to prove that if G is not cyclic, then it is not a 2-closed group. Suppose, towards a contradiction, that G is a non-cyclic 2-closed group.
, where p i 's are distinct primes and n i ≥ 1. Then G = P 1 × · · · × P k , where P i is the Sylow p i -subgroup of G. Since G is not cyclic, at least one of P i 's, say P 1 , is not cyclic. Hence, by Lemma 2.7, there exists a set Ω 1 such that P 1 ≤ Sym(Ω 1 ) and P (2) ,Ω 1 1 = P 1 , which contradicts Lemma 2.8.
Proof of Theorems 1 and 2
In this section, we are going to classify all finite nilpotent 2-closed groups. Let us recall an important result: uψ(x) for all u ∈ K. Then ϕ(x) := (f x , ψ(x)) defines an embedding ϕ of G into N ≀ K. Furthermore, if N acts faithfully on a set ∆ then G acts faithfully on
Now we are ready to prove Theorem 1.
Proof of Theorem 1. Suppose, towards a contradiction, that Z(G) is not cyclic.
Then there exists a non-cyclic Sylow p-subgroup N of Z(G). Hence, by Lemma 2.7, there exists a set ∆ such that N ≤ Sym(∆) and N (2),∆ = N. Let K = G/N and Γ = ∆ × K.
Keeping the notations of Theorem 4, G acts faithfully on Γ by the rule
Furthermore, since N is in the center of G, if a ∈ N then for all δ ∈ ∆ and k ∈ K, we
Since G is a 2-closed group, Remark 1 implies that Z(G) is 2-closed on Γ. Hence N is 2-closed on Γ, by [13, Exercise 5.28]. Let θ ∈ N (2),∆ . Then for each δ 1 , δ 2 ∈ ∆ there exists
Then θ ∈ Sym(Γ) and for each (δ 1 , k 1 ), (δ 2 , k 2 ) ∈ Γ, we have
which means that θ ∈ N (2),Γ . Hence θ ∈ N and so θ = y for some y ∈ N. Thus for each δ ∈ ∆ and k ∈ K, (δ, k) θ = (δ, k) y , which implies that for each δ ∈ ∆, δ θ = δ y . Hence θ = y ∈ N, which proves that N is 2-closed on ∆, a contradiction. Now we study finite 2-closed 2-groups. First, we consider finite 2-groups having a normal elementary abelian subgroup of rank 2.
Lemma 2.9. Let G be a finite 2-group having a normal subgroup N ∼ = C 2 × C 2 . Then G is not a 2-closed group.
Proof. Suppose, towards a contradiction, that G is a 2-closed group. Without loss of generality, we may assume that N = (1, 2), (3, 4) . Let a = (1, 2) and b = (3, 4) . Since, by Theorem 2, Z(G) is cyclic, we may assume that a ∈ Z(G) and we have b / ∈ Z(G).
Let C = C G (N) and L = C/N. Then |G : C| = 2 and G = C t for some t ∈ G \ C, 
Now, again by Universal embedding theorem, G embeds in
where Γ := ∆ × C/N. Let {1, t} be the set of right transversal of C in G. Then for each γ ∈ Γ, we have
Then for each s ∈ C/N, since t −1 bt = ab, it follows that
and
Let Ω = Γ × G/C, s ∈ C/N and k ∈ G/C. Define the map θ on Ω as follows
Then clearly 1 = θ ∈ Sym(Ω). We claim that θ ∈ G (2) ,Ω . Let α = ((i, s), k) and
. This proves our claim. Now θ fixes ((1, 1), 1) and ( (1, 1), t).
In the following lemma, we prove that no finite nilpotent 2-closed group can be splitted over any normal subgroup with an abelian complement.
Lemma 2.10. Let G be a finite nilpotent group, G = MH, M G, H ≤ G be abelian and H ∩ M = 1. Then G is not a 2-closed group.
Proof. Suppose, towards a contradiction, that G is a 2-closed group. Then, by Theorem 1, G has a unique minimal normal subgroup. Hence H G = 1. Let Ω = {Hm | m ∈ M} be the set of right cosets of H in G. Then G acts on Ω, by right multiplication, faithfully.
Let ϕ : G → Sym(Ω) be the corresponding monomorphism.
Let {m 1 , . . . , m l } be a generating set of M. Then G = m 1 , . . . , m l , h 1 , . . . , h t , where respectively. So
where (h 1 , . . . , h t ) ). Hence, by Von Dyck's Theorem, there exists an epimorphism from G to G. Let H = τ 1 ϕ(h 1 ), . . . , τ t ϕ(h t ) . Then it is easy to see
, which proves the claim. Hence G is not 2-closed on Ω ′ , a contradiction.
Corollary 2.11. Let G be a finite 2-group. Then G is a 2-closed group if and only if it is cyclic or a generalized quaternion group.
Proof. Let G be a 2-closed group. Then, by Lemma 2.9, G has no normal subgroup isomorphic to C 2 × C 2 . Hence, by [1, Lemma 1.4] , G is cyclic, dihedral, semidihedral or a generalized quaternion group. By Lemma 2.10, G is not a dihedral or semidihedral group.
Thus G is cyclic or a generalized quaternion group. The converse follows from Lemma 2.5 and Corollary 2.6. Now we study finite 2-closed p-groups, where p is an odd prime.
Lemma 2.12. Let p be an odd prime and G be a finite p-group. Then G is a 2-closed group if and only if it is cyclic.
Proof. One direction is clear by Corollary 2.6. Now we prove the converse direction.
Suppose, towards a contradiction, that G is a non-cyclic 2-closed group. Since p = 2,
is cyclic. So we may assume that a ∈ Z(G) and
Then |G : C| = p and there exists t ∈ G \ C such that G = t C and t p ∈ C.
Let H := b and Ω = {Hg | g ∈ G}. Then H G = 1 and Ω = p−1
i=0 Ω i , where
Note that Ω i ∩ Ω j = ∅ whenever i = j. We claim that in the action of G on Ω, by right multiplication,
On the other hand, if i = 2 then s i = 0. To see this, let i = 2 and
Thus t i−2 ∈ C. Now (i − 2, p) = 1 and t p ∈ C imply that t ∈ C, which is a contradiction.
Hence for each i = 2, (s i , p) = 1 and there exist k i , l i ∈ Z such that k i s i + l i p = 1, which
We define the map θ : Ω → Ω as follows:
where x ∈ C, i = 0, . . . , p − 1. It is clear that 1 = θ ∈ Sym(Ω). Let α, β ∈ Ω, where
Note that in the last two equalities, we use the facts x, y ∈ C = C G (N), t −r b kr t r ∈ N and [t r−2 , b −kr ] = a, where r ∈ {i, j}. So we have proved that θ ∈ G (2),Ω . Furthermore,
Proof of "if" part of Theorem 2. Let G be a finite nilpotent 2-closed group. Then Lemma 2.8 implies that all Sylow subgroups of G are 2-closed. Now the result follows from Corollary 2.11 and Lemma 2.12.
Now to prove Theorem 2, it is enough to prove that Q 2 n × C m , where n ≥ 3 and m ≥ 3 is an odd integer is a 2-closed group. Holt [14] mentioned that he thinks the group Q 2 n × C m is 2-closed for all odd integers m > 0. In what follows we give a proof of the latter. Let us start with the following lemma.
Lemma 2.13. Let G = H × K ≤ Sym(Ω). If (|H|, |K|) = 1, then for each α ∈ Ω,
Proof. Let α ∈ Ω. It is clear that H α , K α G α and H α ∩ K α = 1. So it is enough to prove that G α = H α K α . Clearly H α K α ⊆ G α . Now let x ∈ G α . Then there exist h ∈ H and k ∈ K such that x = hk and α x = α. Hence α h = α k −1 . On the other hand, hk −1 = k −1 h. Thus α h t = α k −t for each integer t ≥ 1. Let n = |H| and m = |K|. Then there exist r, s ∈ Z such that rn + sm = 1. Hence
So x ∈ H α K α , which completes the proof. Proof. First note that, by Lemma 2.13, G α = H α × K α . This implies that the map λ : Ω → Ω 1 × Ω 2 , where λ(α hk ) = (α h , α k ) is well-defined and one-to-one. Clearly λ is onto. Hence λ is a bijection. Now let β ∈ Ω and x = hk ∈ G, where h ∈ H and k ∈ K. Then there exists g = h 1 k 1 ∈ G, where h 1 ∈ H and k 1 ∈ K, such that β = α g .
Furthermore,
This completes the proof. Then G = G/N and H = H/N are k-equivalent on Ω.
